Applying Matrix Rules to Derive the OLS estimator

To get the OLS estimator B, = (X'X)"2X'Y we find the parameter vector B = [ B, B2, ... , Bi] which
minimizes the squared error ¥~ , u;2 =u'u = (y — XB)'(y — XB). This is the objective function,
f(B), of our optimization problem. The first order conditions to solve this problem require setting the

partial derivatives of f with respectto B4, B, ... , Bx equal to zero. In vector notation this means

% = [;—é.;—é. %] = 0, where 0 = [0,0, ...,0]" is the zero vector.

4 is a column vector with the partial derivatives arranged in

Note that according to general convention a5

4 ar

TR Also, the dimension

a way that the ith component of B, f5;, corresponds to the ith component of
of % is the same as that of . This is true, in general, when taking the derivative of a scalar valued
function with respect to a vector. Alternatively, if we had a vector valued function that evaluated to an
N X 1 vector, differentiating with respect an M X 1 vector would result inan M X N matrix called the
Jacobian (or N X M according to another convention). Fortunately, this is not a concern for this

problem because f(B) = Z?Ll u;? is a scalar. When this is so, % is also called the gradient vector. An

alternative notation for the gradientis Vf = [f}, fo, .., fic)’

Before differentiation, it’s useful to simplify our objective function. We do so, first, by applying the
distributive property of matrices (i.e. A(B 4+ C) = AB + AC whichis not in general equalto BA +

CA because matrix multiplication does NOT obey a commutative property).
fB)= -XB)'y—-XB) =y'y—-B'Xy—-y'XB+ BX'XB

Two other matrix rules which were applied for the above manipulation are (A + B)’ = A’ + B’ and
(AB)' = B’A’. We can see the term y'y has no B in it and so it is not relevant for the optimization
problem. Another simplification can be made by observing y'Xg = (y'XB)' = B'X'y. This is, of
course, not true in general of transposes, but follows in this case because this matrix product evaluates

to a scalar (and the transpose of a scalar is the same scalar). Now our optimization problem simplifies to.

mﬂin -2B'X'y+ B'X'XB

We can already see the X'y and the X' X from the B,,s formula in the objective function above. But
because the required vector differentiation may still be somewhat involved for the inexperienced, we

will show differentiation for each of the above terms separately.
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1. Differentiating 2B'X’y with respect to

By letting g = B’'X’y we can easily see that
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You should be able to see that this is a general property of vector differentiation so that aC—A = CZ;; for

any scalar ¢, and vectors B and A = A(B).

Next it useful to simplify notation by letting the k X 1 vector X'y = s = [s4, S3, ..., Sk]'- This gives us
S1

B'X'y= B's =B .. Bkl [ :

= 151+ Basz + -+ + PrSk
Sk
Now we can easily differentiate by computing the partial derivative components of the gradient

dp's _ [9B's BB s
ag — Lap,’

] = Sl,Sz, ...,Sk],= X,y
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Similarly, we can show for any two column vectors of the same dimension that =A

Although, not necessary to derive 8,;s We can see that the components of s work out to the sums
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2. Differentiating B’ X' X with respect to 8

Again to simplify notation we let the k X k matrix X'X = M with components defined as

X113 le] [xn xlkl’ [ ] [mn mlk]
X1k XNkl XNt Xk [ J My 0 My

Then B'X'XB works out to
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Where the notation XX, ;..; a; means to take the sum of all a4, ..., a, excluding a;. For clarity, when k =3
B'X'XB =myBy° + Pr(Myafs + Mysfs ) + MaaBy” + Po(May Py + Mysfs) + Masfs” + Pa(Mayfy + Mayfy)

= (mnﬁiz + My 8162 + M3 f3) + (Mo 261 + mzzﬁz2 + My3B203) + (M31B361 + M32P50, m33,832)

The brackets in the last line are present to help you see the pattern in m;; coefficients and f;, §; pairs.

B X xp
B 2my 1 + mypfy + my3fs + My By + Mgy = 2(myy 1 + mypfy + my3fs)

Then

The last equality follows from the symmetry of X'X = M meaning my, = my; and my3 = mg;.
We can show the same for the remaining partial derivatives and generalize for any k, giving us

Z(mllﬂl + m12[32 + et mlkﬁk)
dpxXXp _ 2(my1 By + mypfp + o+ + my i) =2MpB =2X'XB
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This rule of vector differentiation can be also generalized for any N X 1 column vector B, and N X N

dB/AB
dB

symmetric matrix A4, so that = 2AB. Matrix products of the form B’'AB are called quadratic forms.

3) Putting it all together

From sections 1) and 2) we see that are first order conditions becomes % =-2X'y+2X'XB= 0
Dividing both sides by 2 and rearranging we have X’X = X'y. Multiply both sides by (X'X)~! to get

B= (X0 Xy



